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Abstract

We present a new procedure for conducting a sensitivity analysis in matched observational

studies. For any candidate test statistic, the approach defines tilted modifications dependent

upon the proposed strength of unmeasured confounding. The framework subsumes both (i)

existing approaches to sensitivity analysis for sign-score statistics; and (ii) sensitivity analyses

using conditional inverse probability weighting, wherein one weights the observed test statis-

tic based upon the worst-case assignment probabilities for a proposed strength of hidden bias.

Unlike the prevailing approach to sensitivity analysis after matching, there is a closed form

expression for the limiting worst-case distribution when matching with multiple controls. More-

over, the approach admits a closed form for its design sensitivity, a measure used to compare

competing test statistics and research designs, for matching with multiple controls, whereas the

conventional approach generally only does so for pair matching. The tilted sensitivity analysis

improves design sensitivity under a host of generative models. The proposal may also be adap-

tively combined with the conventional approach to attain a design sensitivity no smaller than

the maximum of the individual design sensitivities. Data illustrations indicate that tilting can

provide meaningful improvements in the reported robustness of matched observational studies.
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1 Introduction

In an observational study employing matching, treated and control individuals with

similar observed covariates are placed into matched sets through the solution of an

optimization problem (Rosenbaum, 1991; Hansen, 2004; Zubizarreta, 2012; Pimentel

et al., 2015; Brumberg et al., 2024). Despite their similarity with respect to available

covariates, individuals in the same matched set may differ in terms of their probability

of receiving the treatment due to unobserved factors. A sensitivity analysis in an obser-

vational study examines the extent to which adjustment for observables alone may have

failed to produce genuine evidence for a treatment effect due to the potential presence

of hidden bias.

Rosenbaum (1987) introduced a model for sensitivity analysis suitable for matched

observational studies, which bounds the odds ratio of the probabilities of receiving the

treatment for any two individuals in the same matched set. While the model for biased

treatment assignments of Rosenbaum (1987) is applicable regardless of the structure of

the matched sets, methods and supporting theory for conducting a sensitivity analysis

under this model vary substantially depending upon whether or not one has a paired

observational study (a study with exactly one treated and one control unit in each

matched set). For paired observational studies, when testing the sharp null hypoth-

esis of no treatment effect one can both provide bounds on the p-value through the

construction of a stochastically dominating random variable. These bounds are valid

in finite samples and provide an interpretable characterization of the worst-case pat-

tern of hidden bias: individuals with larger responses are given a higher probability

of receiving the treatment. For other forms of matching, similar results are attainable

for a class of test statistics referred to as sign-score statistics in Rosenbaum (1988);

see §3.1 for more details. While this class includes useful members, most notably the

Mantel-Haenszel test statistic when outcomes are binary, it does not contain commonly

deployed statistics such as the difference in means with continuous outcomes.

Outside of sign-score statistics, new complications arise. When computing the worst-

case p-value under the sharp null there are
∏I
i=1(ni − 1) candidate patterns of hidden
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bias to consider, where ni is the number of individuals in the ith matched set and I is

the number of matched sets (Rosenbaum and Krieger, 1990). The exponential scaling

as a function of the number matched sets renders exact calculation of the worst-case

pattern of hidden bias infeasible in practice when matching with multiple controls.

A major breakthrough in facilitating sensitivity analysis in matched designs beyond

pair matching was attained by Gastwirth et al. (2000), who showed that one may find

asymptotically valid bounds on the p-value through the solution of I optimization prob-

lems, each with only ni − 1 decision variables. The procedure, known as the separable

algorithm, is reviewed in §2.2. Unlike in the paired case, the worst-case pattern of un-

measured confounding returned by the separable algorithm is not available in closed

form. Furthermore, the worst-case pattern of hidden bias can change as the allowed

degree of hidden bias within the sensitivity model changes.

The differences in sensitivity analysis between paired studies and the broader class of

matched designs have significant implications for theoretical comparisons of competing

test statistics. One particular manifestation is in the calculation of design sensitivity

(Rosenbaum, 2004), a metric describing a test statistic’s ability to distinguish non-

negligible treatment effects from biased treatment assignments. For paired studies,

closed form expressions for the design sensitivity are readily available, facilitating an-

alytic comparisons between test statistics and furnishing broader intuition about the

drivers of robustness in paired observational studies. In more general matched designs,

with few exceptions one must rely upon Monte-Carlo simulation to compare design

sensitivities between competing test statistics, hindering the development of the deeper

insights that are available in the paired setting.

This paper introduces a new procedure for sensitivity analysis in matched observa-

tional studies. For any candidate test statistic, we introduce in §3 a tilted modification

based upon the degree of hidden biased assumed to exist at any given stage of the

sensitivity analysis. The modification is constructed in such a way that even beyond

paired designs, the worst-case pattern of unmeasured confounding is both available in

closed form and does not vary as the allowed degree of hidden bias increases. Rather

than allowing the output of the separable algorithm to vary as the allowed strength of
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confounding increases, one instead modifies the test statistic itself in such a way that

the bound on the worst-case expectation remains constant. The resulting inference is

equivalent to that produced by the usual approach in paired designs, but differs from

the conventional approach to sensitivity analysis outside of paired studies. Through

this, tilting may be viewed as an alternative extension of sensitivity analysis to match-

ing with multiple controls. Despite the matched context, we also highlight connections

between the tilted modifications and approaches to sensitivity analysis involving inverse

probability weighting (Zhao et al., 2019; Dorn and Guo, 2022). In contrast with the

conventional approach, we show in §4 that the tilted sensitivity analysis furnishes test

statistics with a closed form for their design sensitivity for any matched structure. The

tilted sensitivity analysis provides an improvement in design sensitivity relative to the

conventional approach for a wide range of generative models, but does not uniformly

dominate the conventional approach. In §4.4, we note that the tilted and conventional

approaches can be adaptively combined to attain a design sensitivity no smaller than the

maximum of tilted and convtional design sensitivities. In §5, we highlight the benefits

conferred by tilting in multiple real-data applications.

2 Background and review

2.1 Sensitivity analysis after matching

There are I matched sets formed on the basis of pretreatment covariates. For notational

ease we assume that the ith of I matched sets contains 1 treated individual and ni − 1

controls, but the proposals herein extend immediately to matched structures returned by

full matching (Hansen, 2004; Kang et al., 2016); see Rosenbaum (2002b, Problem 4.12)

for details of the extension. Let Zij be the treatment indicator for the jth individual in

the ith matched set, taking the value 1 if treated and 0 otherwise. Let y1ij and y0ij be

the potential outcomes under treatment and control, let xij be the vector of observed

covariates, and let 0 ≤ uij ≤ 1 be an unobserved covariate for the ijth individual.

The observed response for individual ij is Yij = Zijy1ij + (1− Zij)y0ij ; implicit in this

representation is that the Stable Unit-Treatment Value Assumption (SUTVA) holds
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(Rubin, 1974). Let Z = (Z11, ...., ZInI
)T be the vector of treatment assignments across

all matched sets, let Zi = (Zi1, ..., Zini)
T be the assignments in matched set i, and

let the analogous notation hold for other quantities such as ui = (ui1, ..., uini)
T . Let

YZ be the lexicographically ordered vector of observed responses under assignment

Z. Let F = {y0ij , y1ij , xij , uij} be the features of the observed study population, let

Ω = {z :
∑ni

j=1 zij = 1, i = 1, ..., I} be the set of treatment assignments satisfying the

matched design, and let Z = {Z ∈ Ω}.

Letting πij = pr(Zij | F), the sensitivity model introduced in Rosenbaum (1987)

proposes the following logit model for the assignment probabilities:

log

(
πij

1− πij

)
= κi + log(Γ)uij , (1)

where Γ ≥ 1 is a sensitivity parameter controlling the impact of unmeasured confounding

on the assignment probabilities. Observe that at Γ = 1, all individuals in the same

matched set have the same assignment probabilities. Conditioning on Z to return

attention to the matched structure at hand, we have

%ij := pr(Zij = 1 | F ,Z) =
exp{log(Γ)uij}∑ni
`=1 exp{log(Γ)ui`}

; (2)

pru(Z = z | F ,Z) =
exp{log(Γ)zTu}∑

b∈Ω exp{log(Γ)bTu}
,

such that conditioning on Z removes dependence on the nuisance parameters κi. At

Γ = 1, conditioning on Z recovers the usual randomization distribution in a block-

randomized experiment. Γ > 1 allows for departures from this idealized experiment.

Consider a test statistic of the form T = ZTq =
∑I

i=1

∑ni
j=1 Zijqij , where q = q(YZ)

is a function of the observed responses under assignment vector Z, YZ; such statistics

are called sum statistics, and include the treated-minus-control difference in means,

Wilcoxon’s rank sum test, and the Mantel-Haenszel test among many (Rosenbaum,

2002b). Assuming that (1) holds at Γ, the right-tail probability for T is

pr(T ≥ a | F ,Z) =

∑
b∈Ω 1{bT q(Yb) ≥ a} exp{log(Γ)bTu}∑

b∈Ω exp{log(Γ)bTu}
. (3)
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This distribution is unknown to the practitioner, due to its dependence on observed

outcomes Yb for assignments b 6= Z and on the unobserved covariates u. With a

few notable exceptions (Rosenbaum, 2002a; Fogarty, 2023), the literature on sensitiv-

ity analysis after matching typically considers tests of sharp null hypotheses under the

finite population model, hypotheses whose truth impute the missing values of the po-

tential outcomes for each individual. For ease of exposition, we consider the sharp null

hypothesis of no effect at all, HF : y0ij = y1ij (i = 1, ..., I, ; j = 1, ..., ni). Under

this null, q(Yb) = q(Yz) for any b, z ∈ Ω, as the observed responses YZ provide the

hypothetical responses Yb for all possible randomizations. At Γ = 1, the right-tail

probability displayed in (3) can be directly computed under HF , providing the basis for

Fisher randomization tests. At Γ > 1, this tail probability is still unknown due to its

dependence on the unmeasured confounders uij . In a sensitivity analysis, one instead

computes upper bounds on the tail probability (3) at any given Γ > 1. One then finds

the largest value of Γ for which HF can still be rejected. This changepoint Γ, referred to

as the sensitivity value (Zhao, 2019), provides a measure of the robustness of a study’s

findings to unmeasured confounding.

For various extensions of the sensitivity model (1) to accommodate features ranging

from stochastic potential outcomes to heterogeneous bias across matched sets, see Small

et al. (2009); Fogarty and Hasegawa (2019); Chen et al. (2024); Zhang et al. (2024) and

Wu and Li (2025).

2.2 The separable algorithm

For a given Γ, asymptotic bounds on (3) under the sharp null hypothesis can be attained

using the separable algorithm introduced in Gastwirth et al. (2000). In short, the algo-

rithm finds the vector(s) of unmeasured confounders yielding the worst-case expectation

under the sharp null. If multiple vectors provide the same worst-case expectation, the

one providing the largest variance is selected. One then conducts inference using a

normal random variable with this expectation and variance.

Let Ti =
∑ni

j=1 Zijqij , such that T =
∑I

i=1 Ti. Rearrange the values qij in each

matched set i such that qi1 ≥ qi2 ≥ ... ≥ qini
. Using results in Rosenbaum and Krieger
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(1990), the worst-case expectation for Ti under the sharp null hypothesis, optimized

over all possible ui ∈ [0, 1]ni , can be restricted to a search over ni − 1 candidates:

µΓi = max
a=1,...,ni−1

Γ
∑a

j=1 qij +
∑ni

j=a+1 qij

Γa+ (ni − a)
. (4)

Let Ai be set of values for a attaining the maximal expectation µΓi, and define the

largest variance for Ti for patterns of hidden bias within Ai as

ν2
Γi := maxa∈Ai

{
Γ
∑a

j=1 q
2
ij +

∑ni
j=a+1 q

2
ij

}
/ {Γa+ (ni − ai)}− (µΓi)

2. Under mild reg-

ularity conditions, the tail probability for T in (3) is asymptotically upper bounded by

the tail probability of a normal random variable with expectation
∑I

i=1 µΓi and vari-

ance
∑I

i=1 ν
2
Γi. This asymptotic approximation requires solving I tractable optimization

problems, each requiring the enumeration of only ni − 1 candidate solutions.

The following proposition, proven in the web-based supporting materials, provides

an alternative representation for (4) as a stratum-specific Z-estimator (a zero of an

estimating equation), which will be useful in what follows.

Proposition 1. Let q̄i = n−1
i

∑ni
j=1 qij. Then, µΓi = q̄i + {(Γ− 1)/(1 + Γ)}MΓi, where

MΓi := SOLVE

c :
1

ni

ni∑
j=1

∣∣∣∣qij − q̄i − (Γ− 1

1 + Γ

)
c

∣∣∣∣ = c

 , (5)

where SOLVE(·) denotes the solution to the displayed equation.

3 Tilted sensitivity analysis

We now introduce a modified approach to conducting a sensitivity analysis when match-

ing with multiple controls. Suppose that the sharp null hypothesis HF . For each

matched set i, define TΓi, referred to as the tilted version of Ti henceforth, as

TΓi := Ti − q̄i −
(

Γ− 1

1 + Γ

)
|Ti − q̄i|, (6)
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which has the equivalent representation

TΓi =

(
2Γ

1 + Γ

)
Ti − q̄i

exp{log(Γ)1{Ti > q̄i}}
. (7)

The representation (7) inspires the name for the modification: fΓ(x) := x/ exp{log(Γ)1{x ≥

0}} is the 45 degree line through the origin for x ≤ 0, with slope equal to 1. For x > 0,

the slope changes from 1 to 1/Γ, tilting towards the horizontal axis.

Let wΓi > 0, i = 1, ..., I, be nonnegative multipliers which are fixed under the sharp

null, and consider as a test statistic TΓ(wΓ) =
∑I

i=1wΓiTΓi. Rosenbaum (2014) de-

scribes the benefits of weighting for improving the power of a sensitivity analysis. As

will be demonstrated, different choices of weights will also provide connections between

sensitivity analyses using tilted statistics and both (i) using sign-score statistics (Rosen-

baum, 1988); and (ii) using inverse probability weighting.

We now describe how to conduct a sensitivity analysis after tilting when (1) is

assumed to hold at Γ. For each matched set i, define the variance ν̃2
Γi as

ν̃2
Γi :=

4Γ2

(1 + Γ)2

(
1

ni + (Γ− 1)
∑ni

j=1 1{qij > q̄i}

)
ni∑
j=1

(qij − q̄i)2

exp{log(Γ)1{qij > q̄i}}
. (8)

Further define cΓ,α(wΓ) = Φ−1(1−α)
√∑I

i=1w
2
Γiν̃

2
Γi, where Φ−1(·) is the quantile func-

tion for the standard normal distribution. The following Theorem, proven in the web-

based supporting material, justifies conducting a sensitivity analysis for each Γ by re-

jecting the sharp null hypothesis when TΓ(wΓ) ≥ cΓ,α(wΓ). That is, cΓ,α(wΓ) is an

asymptotically valid critical value when (1) holds at Γ.

Theorem 1. Suppose that the sharp null hypothesis holds and that the sensitivity model

(1) holds at Γ. Suppose that the stratum sizes are bounded, ni ≤ Ñ for all i, and suppose

further that the constants qij and weights wΓi satisfy

maxi=1,...,I w2
Γi(qi1 − qini)

2∑I
i=1w

2
Γi(qi1 − qini)

2
→ 0

as I → ∞, where qij are again sorted so that qi1 ≥ qi2 ≥ ... ≥ qini. Let ϑΓi and σ2
Γi
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denote the true expectation and variance for TΓi. Let BI = {i : σ2
Γi > ν̃2

Γi}, and suppose

that
√
I−1

∑
i∈BI w

2
Γi(σ

2
Γi − ν̃2

Γi) = o
(
I−1/2|

∑I
i=1wΓiϑΓi|

)
. Then, for all ε > 0, there

exists an I∗ such that I > I∗ implies that for any α < 1/2,

pr{TΓ(wΓ) ≥ cΓ,α(wΓ) | F ,Z} ≤ α+ ε.

Theorem 1 implies that 1 − Φ

(
TΓ(wΓ)/

√∑I
i=1w

2
Γiν̃

2
Γi

)
provides an asymptotic

upper bound on the p-value for testing the sharp null when (1) holds at Γ. The con-

dition relating maxw2
Γi(qi1 − qini)

2 to
∑
w2

Γi(qi1 − qini)
2 provides a Gaussian limiting

distribution by Theorem 1 of Hájek et al. (1999, §6.1.2). A condition analogous to√
I−1

∑
i∈BI w

2
Γi(σ

2
Γi − ν̃2

Γi) = o
(
I−1/2|

∑I
i=1wΓiϑΓi|

)
is needed to justify use of the

separable algorithm of Gastwirth et al. (2000) for any test statistic, and is not required

solely because of tilting. For intuition on what is required, note that if I−1
∑I

i=1wΓiϑΓi

and I−1
∑I

i=1w
2
Γiσ

2
Γi have finite nonzero limits, then

√
I−1

∑
i∈BI w

2
Γi(σ

2
Γi − ν̃2

Γi) = O(1)

and I−1/2|
∑I

i=1wΓiϑΓi| = O(I1/2), hence satisfying the condition. For a pathological

example where the condition fails, see the web-based supporting material.

The following lemma, proven in the web-based supporting materials, allows one to

find a closed-form solution to output of the separable algorithm described in §2.2 even

when matching with multiple controls, which is generally not possible without deploying

tilting. Armed with this lemma, the remainder of the proof of Theorem 1 follows in

a straightforward way from the proof of Proposition 1 of Gastwirth et al. (2000), and

Theorem 1 of Hájek et al. (1999, §6.1.2).

Lemma 1. Suppose that (1) holds at Γ. Then, E(TΓi | F ,Z) ≤ 0 for all i = 1, ..., I,

with E(TΓi | F ,Z) = 0 when uij = 1{qij > q̄i}. When uij = 1{qij > q̄i}, the variance of

TΓi equals ν̃2
Γi in (8). If there exists another pattern of unmeasured confounding u′i 6= ui

for which E(TΓi | F ,Z) = 0, the variance for TΓi under pattern u′i will be no larger

than ν̃2
Γi.

Remark 1. Unlike for Ti, the worst-case expectation for TΓi when (1) is assumed to hold

at Γ may be calculated without resorting to the separable algorithm described in §2.2:

replacing qij by qij − q̄i − {(Γ− 1)/(1 + Γ)}|qij − q̄i| in (4) yields µΓi = 0. Moreover, in
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the case where multiple values of a in (4) attain µΓi = 0, setting a =
∑nj

j=1 1{qij > q̄i}

provides the largest variance. Owing to this, the worst-case deviate returned by the

separable algorithm has a closed-form solution when using TΓ(wΓ) as a test statistic.

Remark 2. The pattern of unmeasured confounding yielding the worst-case expectation

takes on a particularly intuitive form for tilted test statistics: for any value of Γ, indi-

viduals ij above the match-set specific average of qij , q̄i, are given uij = 1, making them

relatively more likely to be treated, while individuals with qij at or below the stratum-

specific mean are given uij = 0, making them relatively less likely to be treated. The

resulting pattern of unmeasured confounding maximizes pr (Ti > q̄i | F ,Z), the prob-

ability that the observed qij is above the average value q̄i. Contrast this with the

pattern of hidden bias yielding the worst-case expectation for Ti without tilting de-

scribed in Proposition 1, which in general can change as a function of the value of Γ

at which the sensitivity analysis is being conducted. Consequently, the unmeasured

confounder returned by the separable algorithm when applied to Ti need not maximize

pr (Ti > q̄i | F ,Z).

3.1 Tilting, pair matching, and sign-score statistics

To build intuition for the tilted sensitivity analysis, we first describe connections be-

tween sensitivity analyses using the tilted test statistics TΓ(wΓ) and existing results for

sensitivity analyses for an important subset of statistics commonly used in matched

observational studies. Suppose that for i = 1, ..., I, Ti admits the representation

Ti = ai2 + (ai1 − ai2)

ni∑
j=1

Zij1{qij = ai1}. (9)

with ai1 ≥ ai2. Recalling that
∑ni

j=1 Zij = 1 for all i, any Ti which takes on at most

two distinct values for each matched set i may be expressed in this form. From (9), we

see that
∑I

i=1 Ti is equivalent to an important class of statistics known as sign-score

statistics (Rosenbaum, 1988, 2002b, §§4.3-4.4). Statistics admitting the representation

(9) include any test statistic in a matched pairs design, along with several important

statistics when matching with multiple controls such as the Mantel-Haenszel test statis-
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tic with binary outcomes. For such test statistics, one can construct a stochastically

dominating random variable Bi when (1) holds at Γ by assigning uij = 1 to obser-

vations with qij = ai1, and uij = 0 to observations with qij = a2i; see Proposition

14 of Rosenbaum (2002b, §4.4.1) for details. It follows that µΓi in (4), the worst-case

expectation that would be returned by the separable algorithm, equals the expectation

of the stochastically bounding random variable Bi. The following illustrates a direct

relationship between Ti − µΓi and wΓiTΓi for a particular choice of the weights, w
(ss)
Γi .

Proposition 2. Suppose that Ti admits the representation (9). Then,

Ti − µΓi =

(
Γ + 1

2

)(
ni

ni + (Γ− 1)
∑ni

j=1 1{qij > q̄i}

)
︸ ︷︷ ︸

=:w
(SS)
Γi

TΓi. (10)

First consider the implications of Proposition 2 for matched pair designs (ni = 2).

The representation for TΓi in (6) is commonly encountered when conducting sensitivity

analyses with pairs; see, for instance, the numerator of the second display in Equation 6

of Rosenbaum (2007). In paired designs, |Ti − q̄i| is constant across all randomizations

when testing the sharp null, and the worst-case expectation when conducting a sensi-

tivity analysis at Γ is µΓi = q̄i+{(Γ−1)/(1+Γ)}|Ti− q̄i|. For paired designs, w
(SS)
Γi = 1,

and TΓi = Ti−µΓi is thus the observed value for the test statistic Ti in stratum i minus

the worst-case expectation when (1) holds at Γ. Proposition 2 shows that in the case

of pair matching, the tilted sensitivity analysis reproduces the standard approach to

sensitivity analysis without modification. Beyond paired observational studies, Propo-

sition 2 illustrates a more general connection between the tilted sensitivity analysis and

the conventional sensitivity analysis when restricting attention to sum statistics of the

form (9). Notably, statistics of the form (9) are the statistics for which one can conduct

the conventional sensitivity analysis without using the separable algorithm. With the

choice of weights w
(ss)
Γi in (10), the tilted sensitivity analysis recovers the conventional

sensitivity analysis for sign-score statistics.
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3.2 Tilting and inverse probability weighting

The equivalent form for TΓi in (7), in concert with Theorem 1, inspire alternative mo-

tivation for the tilted statistics through connections with inverse probability weighting

(IPW). Suppose first that there was no unmeasured confounding, such that Γ = 1.

Then, under the sharp null HF and for each matched set i, we would have E(Ti − q̄i |

F ,Z) = E
{∑ni

j=1 Zij(qij − q̄i) | F ,Z
}

= 0 as pr(Zij = 1 | F ,Z) = 1/ni. Suppose

now that (1) holds at Γ > 1, and that the true conditional assignment probabili-

ties are %ij = exp{log(Γ)uij}/
∑ni

`=1 exp{log(Γ)ui`}. At Γ > 1, the unmeasured co-

variates tilt the distribution of Zi = (Zi1, ..., Zini)
T away from uniform, such that

E
{∑ni

j=1 Zij(qij − q̄i) | F ,Z
}

need not equal zero. The inverse probability weighted

n−1
i

∑ni
j=1 Zij(qij − q̄i)/%ij does have expectation zero, and at Γ = 1 it is precisely∑ni

j=1 Zij(qij − q̄i).

When conducting a sensitivity analysis, we do not have access to the true assignment

probabilities %ij because uij is unknown. Consequently, the realization of the random

variable n−1
i

∑ni
j=1 Zij(qij − q̄i)/%ij is unknown to us. To address this, one may consider

instead the worst-case weighting subject to (1) holding at Γ. Towards this end, define

%̃ij as

%̃ij =
exp{log(Γ)1{qij > q̄i}}∑ni
`=1 exp{log(Γ)1{qi` > q̄i}}

=
exp{log(Γ)1{qij > q̄i}}

ni + (Γ− 1)
∑ni

`=1 1{qi` > q̄i}
.

Using (2), %̃ij are the conditional assignment probabilities when uij = 1{qij > q̄i}.

Under the sharp null and when (1) holds at Γ, these assignment probabilities maximize

the probability that Ti − q̄i > 0. The corresponding IPW statistic using these worst

case conditional assignment probabilities is

12



IPWΓi =
1

ni

ni∑
j=1

Zij(qij − q̄i)
%̃ij

=

(
Γ + 1

2Γ

){
ni + (Γ− 1)

∑ni
j=1 1{qij > q̄i}
ni

}
︸ ︷︷ ︸

=:w
(IPW )
Γi

TΓi, (11)

where the last line uses (7). Noting that w
(IPW )
Γi in (11) is a constant under the sharp

null, Lemma 1 implies that under the sharp null, when (1) holds at Γ, E(IPWΓi |

F ,Z) ≤ 0, with equality when uij = 1{qij > q̄i}. In other words, weighting by %̃ij

yields a random variable whose expectation is bounded above by 0 when (1) holds at

Γ, with equality when %̃ij are the actual assignment probabilities.

Equation (11) illustrates strong connections between tilted statistics TΓi and the

worst-case IPW statistic IPWΓi: they differ only in the form of the matched-set

weights wΓi, with the unweighted tilted statistic ignoring the normalizing constant

ni + (Γ − 1)
∑ni

j=1 1{qij > q̄i} for the worst-case assignment probabilities. When Ti

is a sign-score statistic, equations (10) and (11) further demonstrates striking yet pre-

viously unexplored similarities between sensitivity analyses after matching using sign-

score statistics and sensitivity analyses using worst-case inverse probability weighting

within each matched set: the methods are both weighted versions of the tilted sensi-

tivity analysis, differing in the choice of weights wΓi. See the web-based supporting

materials for an illustration of these connections using the Mantel-Haenszel statistic

with binary outcomes. Tilting provides a unifying framework for considering these

seemingly disparate approaches to conducting a sensitivity analysis after matching.

13



4 Comparing the tilted and conventional sensitivity anal-

yses through design sensitivity

4.1 Generative model for comparison

While Proposition 2 reveals connections between tilted statistics of the form TΓ(wΓ) =∑I
i=1wΓiTΓi and sensitivity analyses using sign-score statistics, in general the sensitivity

analyses based upon tilted and untilted statistics are fundamentally different. Without

restricting to sign-score statistics, the tilted and conventional approaches are no longer

equal up to the choice of weights wΓi. In particular, the unmeasured confounders

yielding the worst-case expectation for TΓi and for Ti can differ. While the tilted

sensitivity analysis is more straightforward to conduct because it avoids the separable

algorithm, one would be hesitant to apply the tilted sensitivity analysis to the broader

class of sum statistics if it demonstrated deficiencies in terms of statistical performance

relative to the conventional approach. In this section, we highlight circumstances under

which the tilted sensitivity analysis proves advantageous in terms of a metric known as

design sensitivity (Rosenbaum, 2004).

For theoretical comparisons among competing approaches to sensitivity analysis, is

common for ease of analysis to assume (i) a superpopulation generative model for the

responses in each matched set; and (ii) that each matched set has 1 treated individual

and J controls, such that ni = J + 1 for all i (Rosenbaum, 2004, 2013). For i = 1, .., I;

j = 1, ..., J + 1, potential outcomes and treatment assignments are generated as

y1ij = αi + τ + ε1ij ; y0ij = αi + ε0ij , (12)

where αi are matched set fixed effects, τ ≥ 0 is the treatment effect, and (ε0ij , ε1ij)
T are

iid draws from a mean zero, exchangeable multivariate error distribution Fε(·). Treat-

ment assignments are generated satisfying Zij ⊥⊥ (ε0ij , ε1ij); pr(Z = z | F ,Z) = |Ω|−1.

The observed responses remain Yij = Zijy0ij + (1 − Zij)yi1j , but are now random due

to both randomized treatment assignment and randomness across draws for (ε0ij , ε1ij).

The test statistics under consideration remain of the form ZTq =
∑I

i=1

∑ni
j=1 Zijqij =
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∑I
i=1 Ti, with the vector q = q(YZ) also varying across draws from the generative

model.

We consider the tilted sensitivity analysis with wΓi = 1 for all i, comparing the con-

ventional sensitivity analysis to the unweighted version of the tilted sensitivity analysis;

results extend naturally to weighted variants. TΓi and Ti − µΓi, the observed statistic

minus its worst-case expectation under the tilted and conventional approaches when (1)

is assumed to hold at Γ, may be expressed using (5) and (6) as

TΓi = Ti − q̄i −
(

Γ− 1

1 + Γ

)
|Ti − q̄i|;

Ti − µΓi = Ti − q̄i −
(

Γ− 1

1 + Γ

)
MΓi.

The right-hand sides of the above displays differ only in the random variable by which

{(Γ−1)/(1+Γ)} is multiplied: |Ti− q̄i| for the tilted sensitivity analysis, and MΓi for the

conventional approach. As suggested by the notation, the random variable MΓi changes

with the value of Γ at which the sensitivity analysis is conducted, while |Ti − q̄i| does

not. Differences in the distributions of MΓi and |Ti − q̄i| will play a fundamental role

in determining the comparative performance of the tilted and conventional sensitivity

analyses.

Throughout this section, we make the following high-level assumptions about the

limiting behavior of Ti, TΓi, and MΓi. Primitive conditions guaranteeing the assumed

behavior will depend upon the particular function q(YZ) used to form a given test

statistic.

Assumption 1 (Convergence in probability of first and second sample moments).

For all Γ ≥ 1, I−1
∑I

i=1(Ti − q̄i), I−1
∑I

i=1 |Ti − q̄i|, I−1
∑I

i=1MΓi, I
−1
∑I

i=1 ν
2
Γi, and

I−1
∑I

i=1 ν̃
2
Γi converge in probability to constant limiting values.

Assumption 2 (Asymptotic normality). For all Γ ≥ 1, I−1
∑I

i=1(TΓi−T ′Γi) = op(I
−1/2)

and I−1
∑I

i=1(Ti−T ′i ) = op(I
−1/2) where {TΓi′} and {T ′i} are sequences of independent

random random variables. I−1/2
∑I

i=1{T ′i−E(T ′i )}/
√
I−1

∑I
i=1 Var(T ′i ) andI−1/2

∑I
i=1{T ′Γi−

E(T ′Γi)}/
√
I−1

∑I
i=1 Var(T ′Γi) converge jointly in distribution to a multivariate normal.
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Moving forwards, let θ = plim I−1
∑I

i=1(Ti − q̄i), let η = plim I−1
∑I

i=1 |Ti − q̄i|,

and let mΓ = plim I−1
∑I

i=1MΓi, where plim denotes the limit in probability.

4.2 Design sensitivity for the tilted sensitivity analysis

Rosenbaum (2004) introduced design sensitivity to compare the limiting performance

of test statistics in a sensitivity analysis. The design sensitivity is derived under the

favorable setting for an observational study of a positive treatment effect and no hidden

bias. Whether this favorable setting actually holds is unknown to the practitioner, so

even under the favorable setting a researcher would like to assess the robustness of their

findings to hidden bias through conducting a sensitivity analysis. Under the generative

model described in §4.1 with τ > 0 in (12) and under Assumptions 1 and 2, there exists

a number Γ̃, the design sensitivity, such that a sensitivity analysis under (1) will reject

the null of no effect with probability tending to 1 at Γ < Γ̃, and with probability tending

to zero for Γ > Γ̃. Test statistics conferring larger values for Γ̃ are preferred.

The design sensitivity for the conventional sensitivity analysis is

Γ̃conv = SOLVE

{
Γ̃ : θ =

(
Γ̃− 1

1 + Γ̃

)
mΓ̃

}
. (13)

In words, it is the value Γ̃conv such that the limiting value for the observed test statistic

equals the limiting value of the worst-case expectation (assuming the sharp null) re-

turned by the separable algorithm, making use of the representation from Proposition

1. Unfortunately, for J ≥ 2 controls the design sensitivity Γ̃conv does not admit a closed

form for the general class of sum statistics precisely because the separable algorithm

does not provide a closed form for MΓi. In practice, it is instead calculated through

Monte-Carlo simulation and numeric root finding. This has hindered theoretical com-

parisons of different choices of test statistic using design sensitivity as a guide when

matching with multiple controls.

For the tilted sensitivity analysis, no such difficulty arises. By using a test statistic

with a known upper bound on the worst-case expectation under the null when (1) is

assumed to hold at Γ, the tilted sensitivity analysis does admit a closed form solution
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for its design sensitivity, even when matching with multiple controls. The following

theorem provides the closed form.

Theorem 2. Under Assumptions 1 and 2, the design sensitivity for the tilted sensitivity

analysis is

Γ̃tilt = SOLVE

{
Γ̃ : θ =

(
Γ̃− 1

1 + Γ̃

)
η

}
=
η + θ

η − θ
. (14)

The form of the design sensitivity, available for matching with multiple controls,

aligns with existing closed-form solutions for design sensitivity in the conventional ap-

proach for the case of matched pairs (Rosenbaum, 2013, 2016). Essential to the proof

of Theorem 2 is that the output of the separable algorithm when applied to the tilted

sensitivity analysis is available in closed form by Lemma 1. In the web-based supporting

materials, we provide an illustration of the additional insight provided by a closed-form

solution for the design sensitivity when matching with multiple controls. In particu-

lar, we discuss the role that the number of matched controls plays in improving design

sensitivity for a class of statistics known as M -statistics (Maritz, 1979; Huber, 1981),

previously investigated for the conventional sensitivity analysis in Rosenbaum (2013)

using Monte-Carlo simulation.

4.3 Comparing design sensitivities

Comparing (13) and (14) provides the following simple condition for determining whether

or not the tilted sensitivity analysis outperforms the conventional approach in terms of

design sensitivity.

Proposition 3. Suppose that Assumptions 1 and 2 hold, and let Γ̃tilt and Γ̃conv be the

design sensitivity for the tilted sensitivity analysis and conventional sensitivity analysis

respectively. Then, the design sensitivity for the tilted sensitivity analysis is greater than

that of the conventional sensitivity analysis if and only if mΓ̃tilt
> η, or equivalently, if

and only if mΓ̃conv
> η.

The lack of a closed form solution for mΓ at any Γ makes it challenging to precisely
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characterize (in analytic form) circumstances under which the design sensitivity of the

tilted sensitivity analysis will be larger (better) than that of the conventional approach.

Nonetheless, expansions based upon Proposition 1 reveal the essential role played by

the distribution of qi = (qi1, ..., qini)
T in determining which method should be preferred.

Proposition 4. Let Ĝi(t) = (J + 1)−1
∑J+1

j=1 1{qij − q̄i ≤ t} be the stratum-specific

empirical distribution function of {qi1− q̄i, ..., qi(J+1)− q̄i}, and let κΓ = (Γ−1)/(1+Γ).

For any Γ and any t, the following bounds on I−1
∑I

i=1MΓi hold for any I:

I−1
I∑
i=1

(κΓMΓi − t)
{

2Ĝi (t)− 1
}

(15)

≤ I−1
I∑
i=1

MΓi − {I(J + 1)}−1
I∑
i=1

J+1∑
j=1

|qij − q̄i − t| (16)

≤ I−1
I∑
i=1

(κΓMΓi − t)
{

2Ĝi (κΓMΓi)− 1
}
. (17)

To illustrate the intuition conferred by Proposition 4, set Γ = Γ̃conv and t = θ in

(15)-(17). A sufficient condition for the tilted approach having larger design sensitivity

is that the probability limit of (16) minus that of (15) is greater than mΓ̃conv
− η. Note

that I−1
∑I

i=1(κΓMΓi − θ) converges in probability to 0 when Γ = Γ̃conv by (13). By

the representation for MΓi in Proposition 1 as a Z-estimator, (15) and (17) become

smaller in magnitude, converging to zero, as the number of matched controls J increase

by consistency of Z-estimators (Van der Vaart, 2000, Theorem 5.7). This suggests that

{I(J + 1)}−1
∑I

i=1

∑J+1
j=1 |qij − q̄i − θ| may be viewed as a first-order approximation of

I−1
∑I

i=1MΓi at Γ = Γ̃conv when matching with multiple controls. Taking I →∞, the

implied approximation for J > 1 is

sgn(mΓ̃conv
− η) ≈ sgn

plim {I(J + 1)}−1
I∑
i=1

J+1∑
j=1

|qij − q̄i − θ| − η

 , (18)

where sgn(·) is 1 if positive, -1 if negative, 0 otherwise.

In light of Proposition 3, this inspires using the right-hand side of (18) as a heuristic

for whether the tilted sensitivity analysis will outperform the conventional approach.
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The sign of the displayed difference varies considerably across distributions, often posi-

tive with right-skewed generative models in (12) and negative for left-skewed distribu-

tions. In the web-based supporting materials, we show for the difference in means statis-

tic that the sign is non-negative whenever the marginal distribution of ε0ij−
∑

` 6=j ε0i`/J

is symmetric, and joint distribution of
(
ε0i1 −

∑
`6=1 ε0i`/J, ..., ε0ini −

∑
`6=ni

ε0i`/J
)T

is

convex unimodal, with ε0ij defined as in (12). A multivariate distribution is convex uni-

modal when it has a density f such that, for every c > 0, the set {x ∈ Rn : f(x) ≥ c}

is a centrally convex symmetric convex set (Dharmadhikari and Jogdeo, 1976, Defini-

tion 3.3). This condition holds for the multivariate normal among many other common

multivariate distributions, suggesting that the tilted sensitivity analysis may confer a

benefit for a broad class of symmetric generative models.

While heuristic arguments using Proposition 4 can aid intuition, we now use Monte-

Carlo simulation to compare the design sensitivities of the tilted and conventional ap-

proaches under the generative model described in §4.1. We vary the number of matched

controls the distribution Fε in (12), and the choice of test statistic. We consider

matching with J = 2, 3 and 5 controls and compare performance with three differ-

ent test statistics. We use the difference in means statistic; the aligned rank statistic

of Hodges and Lehmann (1963) with alignment by stratum means; and the m-statistic

T =
∑I

i=1

∑J+1
j=1 Zij

∑J+1
`=1 ψhu,2.5(Yij − Yi`), where ψhu,2.5(x) = sgn(x) min{|x|/ŝ, 2.5}

and ŝ is the sample median of the IJ(J − 1)/2 values |Yij −Yi`|, j 6= `. This m-statistic

is inspired by the loss function of Huber (1981), and is described in detail in Rosenbaum

(2007). We consider distributions for the errors in (12) that are Normal, t3, Exp(1)−1,

and 1 − Exp(1), where Exp(λ) is an exponential distribution with rate parameter λ.

The Normal and t3 distributions are symmetric, while Exp(1)− 1, and 1− Exp(1) are

right-skewed and left-skewed respectively. We set τ/σ = 1/2 where τ is defined as in

(12) and σ2 = Var(ε1ij − ε0i`), j 6= `; this accounts for differences in the variances of

the generative models, measuring treatment effects in units of the standard deviations

of the potential treated minus control differences for individuals in the same matched

set. For each setting, we compute the design sensitivities of the tilted and conventional

approaches through I = 100, 000 Monte-Carlo simulations.
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Table 1: Design sensitivities when matching with J = 2, J = 3 and J = 5 controls for the tilted and
conventional sensitivity analysis. Three of test statistics are displayed across the columns. Across
the rows, there are four error distributions Fε(·): Normal, t3, Exp(1)-1, and 1-Exp(1), where Exp(1)
is the exponential distribution with rate parameter 1. The signal to noise ratio is τ/σ = 1/2 for all
settings.

Difference in Means Huber m, trim = 2.5 Aligned Rank
J = 2 J = 3 J = 5 J = 2 J = 3 J = 5 J = 2 J = 3 J = 5

Norm.
Conv. 4.08 4.35 4.86 3.88 4.20 4.64 3.69 4.06 4.43
Tilt. 4.32 4.62 5.10 4.09 4.45 4.84 3.87 4.17 4.50

t3
Conv. 4.97 5.38 5.89 5.19 5.80 6.54 5.13 5.76 6.70
Tilt. 5.22 5.70 6.31 5.52 6.25 6.92 5.37 5.95 6.60

E(1)-1
Conv. 4.14 4.22 4.40 4.16 4.54 4.86 4.34 5.07 5.94
Tilt. 5.37 6.37 8.06 5.45 7.13 9.24 5.62 7.54 11.0

1-E(1)
Conv. 5.09 6.15 8.01 5.23 6.17 7.96 4.96 5.91 7.08
Tilt. 4.21 4.36 4.58 4.25 4.44 4.67 4.19 4.43 4.56

Table 1 shows the results. We see that as J increases, the design sensitivities of both

the tilted and conventional approaches increase; see the web-based supporting informa-

tion for a discussion of why this holds for tilted m-statistics. We see that tilting, in

addition to providing a closed form for the design sensitivity, provides an improvement

in design sensitivity over the conventional approach for the symmetric and right-skewed

error distributions for all three test statistics and all choices of J except for the aligned

rank statistic with J = 5 and a t3 generative model, where the conventional approach

slightly outperforms the tilted variant. The conventional approach has superior design

sensitivity for the left-skewed generative distribution, 1-Exp(1). To assess the qual-

ity of the heuristic (18), we evaluated its Monte-Carlo estimate for each test statistic,

generative model, and number of matched controls reflected in Table 1. The heuristic

successfully predicted whether the tilted sensitivity analysis would outperform the con-

ventional approach in all settings except for the aligned rank statistic with J = 5 and

a t3 generative model.

In the web-based supporting materials, we include an additional simulation study

which plots the difference between mΓ̃tilt
and η as a function of τ/σ across a range

of generative models. This plot illustrates that the comparisons in design sensitivity

persist beyond a fixed value of the effect size.

20



4.4 Adaptive combination

Table 1 reveals that the tilted sensitivity analysis does not uniformly improve upon

the conventional approach in terms of design sensitivity; rather, the improvement is

tied to the underlying distribution of qij − q̄i. In the web-based supporting materials,

we describe how one need not choose between the tilted and conventional approaches.

Rather, the approaches may be combined to attain a design sensitivity no smaller than

the maximum of the tilted and conventional design sensitivities by employing the ap-

proach for multivariate one-sided testing introduced in Cohen et al. (2020). In short, the

method adaptively chooses a weighted combination of the tilted and conventional test

statistics, allowing the method to choose whichever approach has better performance on

the observed data set. In the web-based supporting material we also present simulation

studies comparing the power of a sensitivity analysis using the tilted, conventional, and

adaptive approaches in finite samples. These illustrate the minimal loss in power from

adaptivity relative to whichever of the tilted and conventional approaches performed

better in a given generative model. Furthermore, the simulations show the potential

for large gains relative to the worse of the tilted and conventional approaches. See also

Heng et al. (2021) for an alternative approach to adaptive combination of test statistics

for improved design sensitivity.

5 Data examples

Design sensitivity provides but one of many metrics by which methods for sensitivity

analysis may be judged. While the favorable setting of no bias and a treatment effect

enables theoretical comparisons of competing methods, whether benefits under this

setting reflect benefits in practice is not a foregone conclusion. In real-world examples,

there may well be a treatment effect, but it is unlikely that the true value of Γ for

which (1) holds is Γ = 1 (no unmeasured confounding). In this section, we compare the

performance of the tilted, conventional, and adaptive approaches in several real data

examples. For each matched comparison, we consider a sensitivity analysis for the sharp

null hypothesis of no effect at α = 0.05. For each method, we report the sensitivity value
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(Zhao, 2019), the largest value of Γ in (1) for which the sensitivity analysis rejects the

null hypothesis. Larger values for the design sensitivity are preferred, as they imply the

findings are more robust to hidden bias.

We consider the following data sets, all of which are either available within packages

on CRAN or are included in tabular form within the cited papers.

(SL) Smoking and lead levels in the blood. I = 150. One treated, four controls in each

matched set (Rosenbaum, 2013).

(FM) Fish consumption and mercury levels in the blood. I = 397. One treated, two

controls in each matched set (Rosenbaum, 2014).

(DC) Dropping out of high school and cognitive achievement. I = 12. One treated, two

controls in each matched set (Gastwirth et al., 2000).

(AB) Alcohol and blood pressure. I = 206. One treated, two controls in each matched

set (Rosenbaum, 2023a).

(LH) Light drinking and HDL cholesterol levels. I = 200. One treated, four controls in

each matched set (Rosenbaum, 2023b).

(CM) Coffee and myocardial infarction. I = 115. Case-referent study. 27 pairs with one

case, one referent. 88 triples with one case, two referents (Jick et al., 1973).

For the data sets with continuous outcomes, we consider four test statistics. As in the

simulations in §4.3, we consider the difference in means statistic, the m-statistic ψhu,2.5,

and the aligned-rank test of Hodges and Lehmann (1963). In addition, we consider

the weighted rank test denoted u868 in Rosenbaum (2024), highlighted therein for its

impressive performance in sensitivity analysis. For the data set on coffee and myocardial

infarction, we use the Mantel-Haenszel test statistic.

Table 2 shows the results. We see that for the data sets FM, DC, AB, and CM,

the tilted sensitivity analysis outperformed the conventional approach for all choices

of test statistic. For LH, the conventional sensitivity analysis outperforms the tilted

approach for all test statistics. For SL, the tilted sensitivity analysis outperformed

the conventional approach for all test statistics except for the u868 rank test from

Rosenbaum (2024). The adaptive approach generally lags behind the better of the two

22



Difference in Means Huber, trim=2.5 Aligned Rank Rank Sum, u868
C T A C T A C T A C T A

SL 1.49 1.53 1.52 2.07 2.18 2.15 2.00 2.10 2.07 1.50 1.49 1.49
FM 15.9 20.8 20.4 14.0 19.9 19.4 15.3 21.2 20.6 18.1 37.0 32.1
DC 1.32 1.34 1.32 1.30 1.34 1.31 1.36 1.38 1.35 1.63 1.64 1.57
AB 2.18 2.20 2.18 2.17 2.18 2.16 2.11 2.11 2.10 2.02 2.05 2.02
LH 3.74 3.64 3.69 3.38 3.30 3.34 3.30 3.15 3.25 4.47 4.11 4.86
CM 1.32 1.34 1.33 - - - - - - - - -

Table 2: The largest value of Γ such that the null hypothesis is rejected at α = 0.05 using the
conventional (C), tilted (T), and adaptive (A) approaches with various test statistics. The first five
rows correspond to the observational studies with continuous outcomes, while the final row only
uses the Mantel-Haenszel test since the data were binary.

approaches, but can perform materially better than the laggard; this is particularly

striking in the findings from data set FM, where choosing the conventional sensitivity

analysis would have yielded materially lower sensitivity values than the tilted or adaptive

approaches. Observe that for u868 rank sum test in data set AH, the adaptive procedure

outperforms both the conventional and the tilted sensitivity analysis.

Unlike the other studies, the results for study CM involve a comparison of the tilted

and conventional sensitivity analyses when using a sign-score statistic, as described in

§3.1. The differences in performance are solely driven by different choices of weights for

the Mantel-Haenszel test. For this data set, the sign-score weights yield slightly worse

performance than the implict weights of the tilted approach.

6 Discussion

The tilted sensitivity analysis has appealing practical and theoretical properties: it may

implemented in closed form without use of the separable algorithm of Gastwirth et al.

(2000); it has a closed form expression for its design sensitivity even when matching

with multiple controls; it provides improvements in design sensitivity for a range of

generative models; and provides improvements in reported robustness to hidden bias in

many real-data examples as illustrated in Table 2. Furthermore, one need not choose

between the tilted and conventional approaches to sensitivity analysis with matched

controls: the adaptive approach outlined in §4.4 provides insurance against a poor
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choice. One question which remains unaddressed is whether weights inspired by inverse

conditional propensity score weighting, defined in (11), provide improvements in terms

of design sensitivity and/or sensitivity values. These weights are linear functions of

Ĝi(0) = n−1
i

∑ni
j=1 1{qij − q̄i ≤ 0}, which suggests that the underlying distribution

of qij − q̄i will play a role in describing circumstances under which these the weights

are beneficial. More broadly, the connections between tilting and inverse probability

weighting illustrated in §3.2 necessitate a detailed comparison between tilting and the

broader classes of weighting-based approaches to sensitivity analysis under the marginal

sensitivity model (Tan, 2006; Zhao et al., 2019; Dorn and Guo, 2022).

While the exposition herein has focused on tests of sharp null hypotheses for the

general class of sum statistics, for the difference in means statistic Fogarty (2023) em-

ployed tilting in an investigation of tests of the weak null of no effect on average. There

it was shown that the untilted difference in means fails to provide a valid sensitivity

analysis for the average treatment effect, and that left-skewed generative models can

provide large gaps between the nominal and actual Type I error rates; see Table 1,

setting (f) of the online supplementary material of Fogarty (2023). It is of interest that

left-skewed generative models are precisely the models where the conventional approach

outperformed the tilted variant, as demonstrated in Table 1. Part of the deficit in power

for the tilted approach in this setting may be attributed to the fact that it also provides

valid inference for the average treatment effect under mild conditions.

That the tilted approach provided an improvement in design sensitivity relative to

the conventional approach for all of the symmetric generative models considered in §4.3

raises the possibility of a theoretical guarantee along these lines. The following result

represents a step in this direction.

Proposition 5. Suppose that the joint distribution of qi− q̄i = (qi1− q̄i, ..., qini− q̄i)T is

convex unimodal. Then, for any Γ > 1, MΓi stochastically dominates n−1
i

∑ni
j=1 |qij−q̄i|.

That is, for any c,

pr

 1

ni

ni∑
j=1

|qij − q̄i| ≥ c

 ≤ pr(MΓi ≥ c).
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At τ = 0 under the favorable setting described in §4.1, we have that E (|Ti − q̄i|) =

E
(
n−1
i

∑ni
j=1 |qij − q̄i|

)
, Therefore, a corollary of Proposition 5 is that at τ = 0 in

(12), E|Ti − q̄i| ≤ E(MΓi) for any Γ > 1 under convex unimodality. Providing a set of

sufficient conditions under which E|Ti− q̄i| ≤ E(MΓi) at Γ = Γ̃tilt when τ > 0, implying

by Proposition 3 that the tilted sensitivity analysis has superior design sensitivity to

the conventional approach, remains an open question.
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Appendix

A The impact of matching with multiple controls on de-

sign sensitivity after tilting

A closed form solution for the design sensitivity enables analytical comparisons between

competing research designs and test statistics. As an illustration, we consider the impact

of the number of matched controls on design sensitivity when using m-statistics, stud-

ied for the conventional sensitivity analysis by Monte-Carlo simulation in Rosenbaum

(2013). M -statistics are statistics asymptotically equivalent to

T ′ =
I∑
i=1

ni∑
j=1

Zij

ni∑
`=1

ψ(Yij − Yi`), (19)

where ψ is a non-stochastic function assumed odd, monotone non-decreasing and uni-

formly continuous. Examples of m-statistics include ψ(x) = x, which returns (ni − 1)

times the treated-minus-control difference in means in each matched set, along with

various statistics inspired by the works of Maritz (1979) and Huber (1981). Observe

that qij =
∑ni

`=1 ψ(Yij − Yi`) for all ij, and that q̄i = 0 for all i by oddness of ψ(·). If

ni = J + 1 for all i, then T ′ is, under the generative model considered in §4.1, the sum
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of I iid random variables. Moreover, for each i, T ′i :=
∑ni

j=1 Zij
∑ni

`=1 ψ(Yij −Yi`) is the

sum of J permutation symmetric random variables.

Let θ = E{J−1
∑ni

j=1 Zij
∑ni

`=1 ψ(Yij − Yi`)} = E{ψ(y0i1 − y0i2 + τ)}, and let

ηJ = E|J−1
∑ni

j=1 Zij
∑ni

`=1 ψ(Yij − Yi`)}| = E|J−1
∑J+1

j=2 ψ(y0i1 − y0ij + τ)|. Then,

when matching with J controls and using m-statistics, the design sensitivity for the

tilted sensitivity analysis is Γ̃tilt,J = (ηJ + θ)/(ηJ − θ). This closed form helps to

clarify the role that the number of matched controls plays in determining the design

sensitivity of the tilted sensitivity analysis: so long as ηJ decreases with J , the de-

sign sensitivity will increase as the number of matched controls increases. For intu-

ition on why this generally holds, let v2 = var{ψ(y0i1 − y0i2 + τ)} and for J > 1 let

ρ = cor{ψ(y0i1 − y0i2 + τ), ψ(y0i1 − y0i3 + τ)}. Then, in the generative model of §4.1,

var
(
J−1

∑ni
j=1 Zij

∑ni
`=1 ψ(Yij − Yi`)

)
= ρv2 + (1 − ρ)v2/J . As ρ > 0 by Theorem 2.1

of Esary et al. (1967), increasing the number of matched controls leaves the expec-

tation of J−1
∑ni

j=1 Zij
∑ni

`=1 ψ(Yij − Yi`) unchanged while reducing its variance. For

many distributions, including the normal distribution, the decrease in variance as J

increases implies a reduction in ηJ as a function of J , and hence an improvement in

design sensitivity for the tilted statistic.

B Comparing design sensitivities as a function of effect

size

Proposition 3 provides a straightforward means of comparing the design sensitivities

of the tilted and conventional approaches by way of Monte-Carlo simulation. It is

particularly convenient to leverage Proposition 3 at Γ = Γ̃tilt, given the closed-form

expression for the tilted sensitivity analysis available from Theorem 2 as a function of

η and θ. We now compare the tilted and conventional sensitivity analyses under the

generative model described in §4.1, varying the number of matched controls and the

distribution Fε. We consider ψhu,2.5(x) = sgn(x) min{|x|/ŝ, 2.5}, where ŝ is the sample

median of the IJ(J − 1)/2 values |Yij − Yi`|, j 6= `; the value 2.5 is referred to as the

degree of trimming of the statistic. This particular choice of ψ in (19) is an m-statistic
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inspired by the loss function of Huber (1981); see Rosenbaum (2007) for more details.

We consider choices for the marginal distributions for (ε0ij , ε1ij) that are (i) standard

normal; (ii) t3; (iii) standard double exponential; (iv) Exp(1)− 1; and (v) 1 − Exp(1),

where Exp(λ) is an exponential distribution with rate λ. All distributions have mean

zero. Distributions (i)-(iii) are symmetric about zero, distribution (iv) is right-skewed,

and distribution (v) is left-skewed. For each choice of generative distribution, and

number of matched controls, we evaluate Monte-Carlo estimates of mΓ̃tilt
−η for a range

of values of τ > 0 based upon I = 100, 000 matched sets. For ψhu,2.5, the probability

limits for η and mΓ̃tilt
are the expectations of |Ti − q̄i| = |Ti| and MΓi evaluated at

Γ = Γ̃tilt respectively when ψhu,2.5 is replaced by ψ̃hu,2.5(x) = sgn(x) min{|x|/s, 2.5},

where s is the probability limit for ŝ.

Figure 1 shows the Monte-Carlo estimates of mΓ̃tilt
− η for ψhu,2.5 with different

choices of numbers of control J and generative distributions as a function of τ/σ, where

σ2 = Var(ε1ij−ε0i`), j 6= `; this accounts for differences in the variances of the generative

models, measuring treatment effects in units of the standard deviations of the potential

treated minus control differences for individuals in the same matched set. We see that

for the normal, t3, double exponential, and Exp(1)− 1 distributions, the y coordinates

of the plots are above zero for values of τ/σ and all values for the number of controls

displayed. By Proposition 3, this implies that the titled sensitivity analysis had a larger

design sensitivity than the conventional approach for each of these scenarios and for all

values of τ/σ. When the distribution is instead 1− Exp(1), a left-skewed distribution,

we see that the conventional sensitivity analysis outperforms the tilted approach for all

test statistics and numbers of controls displayed.
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Figure 1: Comparing the design sensitivities of the tilted and conventional approaches for the m-
statistic ψhu,2.5. The plots show Monte-Carlo estimates of mΓ̃tilt

− η as a function of τ/σ, along
with a horizontal dotted line at y = 0 for a given choice of the marginal distributions for (ε0ij , ε1ij)
(varying across columns) and number of matched controls (varying across rows) in the generative
model (1). By Proposition 3, if for any given generative model and number of matched controls J
the function lies above the dotted line at a given value of τ/σ, the tilted sensitivity analysis has
a better design sensitivity than the conventional approach for that value of τ/σ; otherwise, the
conventional approach has the larger design sensitivity.
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C Adaptive combination of the tilted and conventional

approaches

C.1 Adaptive weighting through a two-person game

We now describe how the approach of Cohen et al. (2020) for multivariate one-sided

testing may be used to adaptively combine the tilted and conventional sensitivity anal-

yses. As will be asserted in Proposition 6, the resulting procedure has design sensitiv-

ity that is no smaller than the maximum of the design sensitivities of the tilted and

conventional approaches. For a fixed Γ ≥ 1 let aij = (aij1, aij2)T with aij1 = qij ,

aij2 = wΓi[qij − q̄i − {(Γ − 1)/(1 + Γ)}|qij − q̄i|]. Consider the vector of test statistics

AΓ = (T, TΓ(wΓ))T , which contains the conventional test statistic in its first element

and the tilted test statistic with weights wΓ in its second. For any fixed value for the

assignment probabilities % = (%11, %12, ..., %InI
)T , the expectation and covariance for AΓ

are, for k, ` = 1, 2,

µΓk(%) =
I∑
i=1

ni∑
j=1

aijk%ij ; ΣΓk`(%) =
I∑
i=1


ni∑
j=1

aijkaij`%ij −

 ni∑
j=1

aijk%ij

 ni∑
j=1

aij`%ij

 .

Let PΓ be the set of possible assignment probabilities when (1) holds at Γ. Then,

for any Γ ≥ 1 in (1), define BΓ as

BΓ = min
%∈PΓ

sup
λ∈Λ+

max

[
0,
λT {AΓ − µΓ(%)}
{λTΣΓ(%)λ}1/2

]2

, (20)

where Λ+ = {(λ1, λ2)T : λ1 ≥ 0, λ2 ≥ 0, (λ1, λ2)T 6= (0, 0)T } is the nonnegative orthant

excluding the zero vector. Observe that for any fixed λ, (20) would conduct a sensi-

tivity analysis based upon the linear combination λ1T + λ2TΓ(wΓ) with a greater-than

alternative when (1) holds at Γ. Assuming bivariate asymptotic normality for AΓ, for

α ≤ 0.5 the worst-case deviate for a fixed λ could be compared to the square of the

1−α quantile of a standard normal quantile to determine whether or not the sensitivity

analysis rejects at Γ. Optimizing λ over Λ+ further allows for adaptively chosen linear

combinations of the tilted and conventional sensitivity analysis that may outperform
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either approach on its own. The critical value used to perform inference, cΓ,Λ+(α), must

account for the additional optimization over Λ, and may no longer be chosen based on

a standard normal quantile. Instead, cΓ,Λ+(α) is a quantile from chi-bar-square dis-

tribution; see Cohen et al. (2020) for details. The proposed method for combining

the conventional and tilted approaches rejects the sharp null when BΓ ≥ cΓ,Λ+(α). As

cΓ,Λ+(α) ≥ {Φ−1(1− α)}2, adaptively optimizing the test statistic over all nonnegative

linear combinations requires a larger critical value. So long as AΓ has a bivariate normal

limiting distribution under the sharp null, the adaptive sensitivity analysis asymptoti-

cally controls the Type I error rate at α if (1) holds at Γ. Under the generative model

considered in §4.1, the procedure can further provide uniform improvements in design

sensitivity, as described in the following proposition.

Proposition 6. Let Γ̃tilt and Γ̃conv be the design sensitivities for the tilted and conven-

tional sensitivity analyses respectively when using test statistics TΓ(wΓ) and T . Consider

the procedure that rejects the sharp null when BΓ ≥ cΓ,Λ+(α); call its design sensitivity

Γ̃adapt. Then, under Assumptions 1 and 2, Γ̃adapt ≥ max{Γ̃tilt, Γ̃conv}.

Proposition 6 is an immediate consequence of Theorem 2 of Cohen et al. (2020),

and the proof is omitted. It states that in terms of design sensitivity, one need not

choose a priori between the tilted and conventional sensitivity analyses. Rather, the

two approaches may be combined with a resulting design sensitivity that is at least as

good as the better of the two individual approaches. .

C.2 The power of a sensitivity analysis

Proposition 6 suggests that in terms of design sensitivity alone, the adaptive proce-

dure should be preferred: it is never worse than the tilted and conventional sensitivity

analyses, and it can be strictly better than both of them when ni > 2. Recall how-

ever that design sensitivity calculations focus solely on the limit as I → ∞ and ignore

small-sample considerations. In moderate sample sizes, the differences in the sizes of the

critical values used to perform inference in the adaptive approach (based upon the χ̄2

distribution) versus either the conventional or titled approaches (based upon the stan-
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dard normal) will impact the power of these methods, such that the adaptive approach

may not provide an improvement in finite samples.

To investigate this further, we consider power simulations under the generative model

in §4.1 for moderate sample sizes I. In each of 10,000 Monte Carlo simualations, we

simulate data sets with I = 200 and J = 3, so that each matched set has ni = 4, with

one treated and three control observations. We use the generative model described in

§4.1 to generate potential responses under treatment and control. We consider three

marginal distributions for εijz in (12): (i) t3; (ii) Exp(1)−1; and (iii) 1−Exp(1), where

Exp(λ) denotes an exponential distribution with rate λ. The treatment effect to noise

ratio is set at τ/σ = 1/2 for all three distributions, with σ =
√

Var(ε1ij − ε0i`), j 6= `,

as before, and we proceed using the difference in means as the test statistic. From

Table 1, we see that the tilted sensitivity analysis has higher design sensitivity than the

conventional approach in generative model (i) and (ii) (5.70 versus 5.38 and 6.37 versus

4.22 respectively), while the conventional approach has higher design sensitivity than the

tilted sensitivity analysis in generative model (iii) (6.15 versus 4.36). By Proposition

6, the adaptive procedure has a design sensitivity no smaller than the larger of the

two individual design sensitivities. Therefore, the design sensitivity for the adaptive

procedure will be lower bounded by 5.70, 6.37, and 6.15 in settings (i)-(iii).

For each choice of generative model, we produce Monte-Carlo estimates across our

10,000 simulations for the power of the tilted, conventional, and adaptive sensitivity

analyses for Γ ranging from 1 to 6. Figure 2 shows the results. The plots in the top half

of the figure are from setting (i), the tdf=3 generative model, and reveal that while the

tilted sensitivity analysis has higher design sensitivity than the conventional approach,

it does not provide uniformly higher power than the conventional approach for all Γ

in finite samples. The zoomed-in view between Γ = 2.5 and Γ = 4.0 in the top-right

shows this more clearly. For Γ < 3.3, the conventional approach improves upon the

power of the tilted sensitivity analysis, while for Γ ≥ 3.3 the tilted sensitivity analysis

has higher power. The figure illustrates additional benefits of the adaptive procedure:

despite using a larger critical value, the adaptive procedure attains power larger than

that of both the tilted sensitivity analysis and the conventional sensitivity analysis for
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Figure 2: The power of a sensitivity analysis for the tilted (dashed line), conventional (dot-dashed
line), and adaptive (solid line) procedures with I = 200, J = 3, τ/σ = 1/2, with the marginal
distribution for εijz in (12) chosen to be (i) tdf=3; (ii) Exp(1)−1, and (ii) 1−Exp(1), where Exp(1)
is an exponential distribution with rate 1. The plot in the top-right zooms in on the power plots
for setting (i) between Γ = 2.5 and Γ = 4 to better visualize behavior within that range. Curves
are Monte-Carlo estimates calculated using 10,000 data sets.

Γ ∈ [1.8, 3.9]. Moreover, for Γ > 3.9 the adaptive approach hews closely to the power

curve of the tilted sensitivity analysis (which attains the largest power in that range).

The largest gap in the power between the adaptive and tilted sensitivity analyses in

that range is 0.017, reflecting a small price for adaptivity.

The plots from setting (ii), bottom-left, and setting (iii), bottom-right correspond

to generative models for which there is a large gap between the design sensitivities of

the titled and conventional approaches. The tilted sensitivity analysis has larger design

sensitivity in setting (ii), and the conventional approach has larger design sensitivity

in setting (iii). The power profiles reflect a similar behavior: in terms of power, the

tilted sensitivity analysis dominates the conventional approach in the plot from setting

(ii), but is dominated by the conventional approach in the plot from setting (iii). The

discrepancies are particularly large for Γ ranging from 3 to 5 in those plots. The power

of the conventional approach can lag behind that of the tilted sensitivity analysis by

as much as 0.60 in the setting (ii) plot, and the tilted approach’s power is smaller

than that of the conventional approach by as much as 0.51 in the setting (iii) plot.

As anticipated, the adaptive procedure closely tracks the power profile of the superior
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method in each plot by emphasizing the superior procedure in its weighted combination,

providing insurance against choosing an underperforming method. The cost of this

insurance is the gap between the power of the adaptive approach and the superior

method for each model. The maximal value for this gap is 0.05 in the second plot, and

0.04 in the third.

D Proofs and Examples

D.1 Proof of Proposition 1

As described in §2.2, the worst-case expectation µΓi returned by the separable algorithm

is

µΓi = max
a=1,...,ni−1

Γ
∑a

j=1 qij +
∑ni

j=a+1 qij

Γa+ (ni − a)
,

where qi1 ≥ ... ≥ qini

We claim that µΓi = q̄i + {(Γ− 1)/(1 + Γ)}MΓi, where

MΓi = SOLVE

c :
1

ni

ni∑
j=1

∣∣∣∣qij − q̄i − (Γ− 1

1 + Γ

)
c

∣∣∣∣ = c

 .

To show this, first note

µΓi = max
a=1,...,ni−1

Γ
∑a

j=1 qij +
∑ni

j=a+1 qij

Γa+ (ni − a)

= q̄i + max
a=1,...,ni−1

Γ
∑a

j=1(qij − q̄i) +
∑ni

j=a+1(qij − q̄i)
Γa+ (ni − a)

.

= q̄i + max
a=1,...,ni−1

(Γ− 1)
∑a

j=1(qij − q̄i)
(Γ− 1)a− (Γ− 1)ni/2 + (Γ + 1)ni/2

.

= q̄i +

(
Γ− 1

1 + Γ

)
max

a=1,...,ni−1

∑a
j=1(qij − q̄i)

ni/2 + Γ−1
1+Γ(a− ni/2)

,

where the third line uses that
∑ni

j=1(qij− q̄i) = 0, so
∑a

i=1(qij− q̄i) = −
∑ni

i=a+1(qij− q̄i).
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We now show that

MΓi := max
a=1,...,ni−1

∑a
j=1(qij − q̄i)

ni/2 + Γ−1
1+Γ(a− ni/2)

= SOLVE

c :
1

ni

ni∑
j=1

∣∣∣∣qij − q̄i − (Γ− 1

1 + Γ

)
c

∣∣∣∣ = c

 .

Let N(a) =
∑a

j=1(qij − q̄i) and D(a) = ni/2 + Γ−1
1+Γ(a − ni/2) be the numera-

tor and denominator of the objective function on the left hand side. Then, MΓi =

maxa=1,...,ni−1N(a)/D(a), which is a fractional optimization problem. For any c, con-

sider instead the parametric problem

HΓi(c) = max
a=1,...,ni−1

N(a)− cD(a). (21)

By Dinkelbach (1967), we have that HΓi(MΓi) = 0 and that the zero is unique. That is,

the zero of the parametric problem as a function of c is attained when setting c equal

to the maximizer of the fractional problem. Moreover, we see that HΓi(c) > 0 if and

only if MΓi > c.

Consider a fixed value for c in HΓi(c):

HΓi(c) = max
a=1,...,ni−1

a∑
j=1

{
qij − q̄i −

(
Γ− 1

1 + Γ

)
c

}
+

(
Γ− 1

1 + Γ

)
(ni/2)c− (ni/2)c.

The arg max of the above is simply a∗ =
∑ni

j=1 1

{
qij − q̄i −

(
Γ−1
1+Γ

)
c > 0

}
, resulting

in only the non-negative values of qij−q̄i−
(

Γ−1
1+Γ

)
c being summed. As

∑ni
j=1

{
qij − q̄i −

(
Γ−1
1+Γ

)
c
}

=

−ni
(

Γ−1
1+Γ

)
c since

∑ni
j=1(qij − q̄i) = 0, we have

a∗∑
j=1

{
qij − q̄i −

(
Γ− 1

1 + Γ

)
c

}
=

a∗∑
j=1

∣∣∣∣qij − q̄i − (Γ− 1

1 + Γ

)
c

∣∣∣∣
= −ni

(
Γ− 1

1 + Γ

)
c−

ni∑
j=a∗+1

∣∣∣∣qij − q̄i − (Γ− 1

1 + Γ

)
c

∣∣∣∣
= −(ni/2)

(
Γ− 1

1 + Γ

)
c+ (1/2)

ni∑
j=1

∣∣∣∣qij − q̄i − (Γ− 1

1 + Γ

)
c

∣∣∣∣
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Hence,

HΓi(c) = (1/2)

ni∑
j=1

∣∣∣∣qij − q̄i − (Γ− 1

1 + Γ

)
c

∣∣∣∣− (ni/2)c (22)

As MΓi is the zero of the above, it must satisfy n−1
i

∑ni
j=1

∣∣∣qij − q̄i − (Γ−1
1+Γ

)
MΓi

∣∣∣ = MΓi

as desired.

D.2 Theorem 1 and the separable algorithm

D.2.1 Proof of Lemma 1

The bound on the expectation was proved as Lemma 1 in Fogarty (2023), but is included

here for completeness. For any vector of unmeasured confounders ui = (ui1, ..., uini), if

(1) holds at Γ we have

Eui(TΓi | F ,Z) =

∑ni
j=1 exp{log(Γ)uij}[qij − q̄i − {(Γ− 1)/(1 + Γ)} |qij − q̄i|]∑ni

j=1 exp{log(Γ)uij}
(23)

Observe that

qij − q̄i −
(

Γ− 1

1 + Γ

)
|qij − q̄i| =


2(qij − q̄i)/(1 + Γ) qij > q̄i

2Γ(qij − q̄i)/(1 + Γ) qij ≤ q̄i
.

The numerator in (23) is maximized by setting uij = 1{qij > q̄i}, resulting in the largest

possible multiplier, exp{log(Γ)uij} = Γ, for positive values of qij − q̄i, and the smallest

possible value of the multiplier, exp{log(Γ)uij} = 1 to nonpositive values of qij − q̄i.

Under this choice of uij , the numerator of (23) becomes 2Γ/(1 + Γ)
∑ni

j=1(qij − q̄i) = 0

as
∑ni

j=1(qij − q̄i) = 0. The confounder uij = 1{qij ≥ q̄i} thus also maximizes (23), as

any other choice u′ij will yield an expectation that is less than or equal to zero.

If there are values of qij for which qij = q̄i, uij = 1{qij > q̄i} is not the unique

maximizer of the expectation. In this case, ũij = 1{qij ≥ q̄i} would also maximize the

expectation. In the separable algorithm, if there are multiple values for the unmeasured

confounder attaining the maximal expectation for TΓi, the one which maximizes the
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variance is chosen. To complete the proof of the lemma, we must thus show that of the

values for the unmeasured confounder attaining the largest expectation, uij = 1{qij >

q̄i} produces the largest possible variance for TΓi.

For any vector ui for which Eui(TΓi | F ,Z) = 0, the corresponding variance for TΓi

is

varui(TΓi | F ,Z) :=
4Γ2

(1 + Γ)2

(
1

ni + (Γ− 1)
∑ni

j=1 uij

)
ni∑
j=1

(qij − q̄i)2

exp{log(Γ)1{qij > q̄i}}
.

From this, since Γ ≥ 1 we see that the variance is maximized by minimizing the

value for
∑ni

j=1 uij . This is accomplished by setting uij = 1{qij > q̄i}, rather than

uij = 1{qij ≥ q̄i}.

D.2.2 Proof of Theorem 1

Suppose that the sharp null hypothesis holds and that the sensitivity model (1) holds at

Γ. Under the conditions on qij and wΓi provided in the Theorem’s statement, Theorem

1 of Hájek et al. (1999) applies to TΓ(wΓ). Let ϑΓi and σ2
Γi be the true expectation and

variance of TΓi. We thus have that for every ε there exists an I1 such that for any k,

I ≥ I1 implies

pr

TΓ(wΓ)−
∑I

i=1wΓiϑΓi√∑I
i=1w

2
Γiσ

2
Γi

≥ k

 ≤ 1− Φ(k) + ε

As ϑΓi and σ2
Γi are unknown, the separable algorithm attempts to upper bound the

above tail probability when (1). By Lemma 1, ϑΓi ≤ 0 for all i. Moreover, for matched

sets i where ϑΓi = 0, we have that ν̃2
Γi ≥ σ2

Γi, where ν̃2
Γi is the candidate variance

returned by the separable algorithm.

For any k > 0, it suffices to show that there exists an I2 such that I > I2 implies
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pr

TΓ(wΓ)−
I∑
i=1

wΓiϑΓi − k

√√√√ I∑
i=1

w2
Γiσ̃

2
Γi ≥ 0

 ≤ pr

TΓ(wΓ)− k

√√√√ I∑
i=1

w2
Γiν̃

2
Γi ≥ 0

 .

Equivalently, we show that there exists an I2 such that I > I2 implies

k


√√√√I−1

I∑
i=1

w2
Γiσ

2
Γi −

√√√√I−1

I∑
i=1

w2
Γiν̃

2
Γi

 ≤ −I−1/2
I∑
i=1

wΓiϑΓi

Again by Lemma 1 we have ϑΓi ≤ 0 for all i. Because of this, when I−1
∑I

i=1w
2
Γiσ

2
Γi ≤

I−1
∑I

i=1w
2
Γiν̃

2
Γi, the inequality holds. Consider instead the case that I−1

∑I
i=1w

2
Γiσ

2
Γi >

I−1
∑I

i=1w
2
Γiν̃

2
Γi. Using concavity of f(x) =

√
x and recalling BI = {i : σ2

Γi > ν̃2
Γi}, we

have

k


√√√√I−1

I∑
i=1

w2
Γiσ

2
Γi −

√√√√I−1

I∑
i=1

w2
Γiν̃

2
Γi


≤ k

2

I−1
∑I

i=1w
2
Γi(σ

2
Γi − ν̃2

Γi)√
I−1

∑I
i=1w

2
Γiν̃

2
Γi


≤ k

2

√
I−1

∑
i∈BI

w2
Γi(σ

2
Γi − ν̃2

Γi)

√
I−1
∑

i∈BI w
2
Γiσ

2
Γi − I−1

∑
i∈BI w

2
Γiν̃

2
Γi

I−1
∑I

i=1w
2
Γiν̃

2
Γi

.

Under the assumption of bounded stratum sizes, there exist constants CΓ1, CΓ2 such

that σ2
Γi ≤ CΓ1

∑ni
j=1 q

2
ij and ν̃2

Γi ≥ CΓ2
∑ni

j=1 q
2
ij for all i. Therefore,

√
I−1
∑

i∈BI w
2
Γiσ

2
Γi − I−1

∑
i∈BI w

2
Γiν̃

2
Γi

I−1
∑I

i=1w
2
Γiν̃

2
Γi

= O(1).

We have further assumed that
√
I−1

∑
i∈BI w

2
Γi(σ

2
Γi − ν̃2

Γi) = o(I−1/2
∑I

i=1wΓiϑΓi),

which in turn implies k

(√
I−1

∑I
i=1w

2
Γiσ

2
Γi −

√
I−1

∑I
i=1w

2
Γiν̃

2
Γi

)
= O(1)o(I−1/2

∑I
i=1wΓiϑΓi) =

o(I−1/2
∑I

i=1wΓiϑΓi). As I−1/2
∑I

i=1wΓiϑΓi ≤ 0 by Lemma 1, the proof is complete.

37



D.2.3 A pathological example where the separable algorithm fails

Let ni = 4 for all i = 1, ..., I, and let qi1 = 1, qi2 = i−2, qi3 = −i−2, qi4 = −1; note

q̄i = 0 for all i. The tilted test statistic applies the separable algorithm to qijΓ =

qij − {(Γ− 1)/(1 + Γ)}|qij | when conducting a sensitivity analysis when (1) holds at Γ,

yielding by Lemma 1 ui1 = ui2 = 1, ui3 = ui4 = 0, a worst-case expectation of 0, and a

variance

ν̃2
Γi =

4Γ2

(1 + Γ)2

(
1

2Γ + 2

)
(1 + i−4)(1 + Γ−1)

Suppose that in reality ui1 = 1, ui2 = ui3 = ui4 = 0. Then, the true expectation and

variance would be

ϑΓi =
2Γ

1 + Γ

(Γ−1 − 1)i−2

Γ + 3

σ2
Γi =

2Γ + 2

Γ + 3
ν̃2

Γi +
4Γ2

(1 + Γ)2

(
1

Γ + 3

)
i−4(Γ−2 − Γ−1)− ϑ2

Γi

Evaluating the Riemann zeta function at s = 2 and s = 4, we have
∑∞

i=1 i
−2 = π2/6,

and
∑∞

i=1 i
−4 = π4/90. Therefore:

I−1
I∑
i=1

ν̃2
Γi →

4Γ2

(1 + Γ)2

(
1

2Γ + 2

)
(1 + Γ−1)

I−1
I∑
i=1

σ2
Γi →

4Γ2

(1 + Γ)2

(
1

Γ + 3

)
(1 + Γ−1)

I−1/2
I∑
i=1

ϑΓi → 0.

Noting that the limiting value of I−1
∑I

i=1 ν̃
2
Γi is strictly smaller than that of I−1

∑I
i=1 ν̃

2
Γi

for Γ > 1 by a factor (Γ + 3)/(2Γ + 2), this implies that for any k > 0, there exists an

I2 such that I > I2 implies

k


√√√√I−1

I∑
i=1

σ2
Γi −

√√√√I−1

I∑
i=1

ν̃2
Γi

 ≥ −I−1/2
I∑
i=1

ϑΓi,
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which implies under asymptotic normality that the separable algorithm provides a Type

I error rate larger than α for any α < 1/2.

To explain why the separable algorithm fails here, the particular form of qij consid-

ered allows one to find a pattern of hidden bias not used by the separable algorithm for

which the expectation is smaller for each i, in an asymptotically negligible way, than

the expectation deployed in the separable algorithm, but where the variance is larger

in a manner that persists asymptotically. Since the separable algorithm focuses first on

finding the largest expectation, it fails to identify this alternative pattern of hidden bias

with a larger variance and an asymptotically equivalent expectation at
√
I scaling.

D.3 Proposition 2, and an illustration with the Mantel-Haenszel statis-

tic

D.3.1 Proof of Proposition 2

For statistics of the form (10), recalling ai1 ≥ ai2 we have

qij ∈ {ai1, ai2}

q̄i = ai2 + (ai1 − ai2)

∑ni
j=1 1{qij = ai1}

ni

1{qij > q̄i} = 1{qij = ai1}

µΓi = ai2 +
Γ(ai1 − ai2)

∑ni
j=1 1{qij > q̄i}

ni + (Γ− 1)
∑ni

j=1 1{qij > q̄i}

Ti − µΓi can take on two possible values: ai1 − µΓi or ai2 − µΓi. These may be

expressed as

ai1 − µΓi =
(ai1 − ai2)(ni −

∑ni
j=1 1{qij > q̄i})

ni + (Γ− 1)
∑ni

j=1 1{qij > q̄i}
=

(
ni

ni + (Γ− 1)
∑ni

j=1 1{qij > q̄i}

)
(ai1 − q̄i)

(24)

ai2 − µΓi =
−Γ(ai1 − ai2)

∑ni
j=1 1{qij > q̄i}

ni + (Γ− 1)
∑ni

j=1 1{qij > q̄i}
=

(
ni

ni + (Γ− 1)
∑ni

j=1 1{qij > q̄i}

)
Γ(ai2 − q̄i),

(25)
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The tilted test statistic Ti− q̄i−{(Γ− 1)/(1 + Γ)}|Ti− q̄i| takes on the following two

values (note ai1 ≥ q̄i ≥ ai2):

ai1 − q̄i −
(

Γ− 1

1 + Γ

)
|ai1 − q̄i| =

(
2

1 + Γ

)
(ai1 − q̄i); (26)

ai2 − q̄i −
(

Γ− 1

1 + Γ

)
|a2i − q̄i| =

(
2

1 + Γ

)
Γ(a2i − q̄i) (27)

Comparing (24) and (25) to (26) and (27) completes the proof.

D.3.2 Illustration: Mantel-Haenszel test with binary outcomes

To illustrate the connections made within §§3.1-3.2, consider the use of the Mantel-

Haenszel test statistic with binary potential outcomes, yzij ∈ {0, 1} for z = 0, 1. The

Mantel-Haenszel statistic is T =
∑I

i=1

∑ni
j=1 ZijYij , summing the number of events

among the treated units; this corresponds to qij = Yij , and to ai1 = 1, ai2 = 0 in (9).

Under the sharp null hypothesis, Yij = y0ij .

For any matched set i, assuming (1) holds at Γ, the tilted statistic TΓi is

TΓi =

ni∑
j=1

Zij

{
Yij − Ȳi −

(
Γ− 1

1 + Γ

)
|Yij − Ȳi|

}

=

(
2Γ

1 + Γ

) ni∑
j=1

Zij(Yij − Ȳi)
exp{log(Γ)1{Yij > Ȳi}}

where Ȳi =
∑ni

j=1 Yij/ni.

In the conventional sensitivity analysis for the Mantel-Haenszel statistic, the worst-

case expectation µΓi is calculated by setting uij = 1{Yij = 1}, such that individuals

who experienced the event have the higher probability of treatment. The test statistic

minus this worst-case expectation, Ti − µΓi, is

Ti − µΓi =

ni∑
j=1

ZijYij −
Γ
∑ni

j=1 Yij

ni + (Γ− 1)
∑ni

j=1 Yij

=

(
Γni

ni + (Γ− 1)
∑ni

j=1 1{Yij > Ȳi}

)
ni∑
j=1

Zij(Yij − Ȳi)
exp{log(Γ)1{Yij > Ȳi}}

,

with the second line using Proposition 2. Finally, letting %̃ij be the values for pr(Zij =
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1 | F ,Z) when uij = 1{Yij > Ȳi}, from (11) the corresponding worst-case IPW statistic

would instead take the form

IPWΓi =

(
ni + (Γ− 1)

∑ni
j=1 1{Yij > Ȳi}
ni

)
ni∑
j=1

Zij(Yij − Ȳi)
exp{log(Γ)1{Yij > Ȳi}}

.

From this we see that TΓi, Ti−µΓi, and IPWΓi differ only in the weights they apply to

the contribution
∑ni

j=1 Zij(Yij−Ȳi)/ exp{log(Γ)1{Yij > Ȳi} from each set i. At Γ = 1 (no

unmeasured confounding) the weights are equal across the three approaches, but differ

at Γ > 1 when ni > 2. The weights of the conventional sensitivity analysis and the IPW

approach are inversely proportional, and depend upon the normalizing constant for the

worst-case assignment probabilities under the sharp null, ni+(Γ−1)
∑ni

j=1 1{Yij > Ȳi}.

The tilted statistic does not make use of the normalizing constant.

D.4 Proof of Theorem 2

At level α, the sensitivity analysis using Theorem 1 rejects the null when assuming that

(1) holds at Γ when

I−1/2
∑I

i=1(Ti − q̄i)− I−1/2
(

Γ−1
1+Γ

)∑I
i=1 |Ti − q̄i|√

I−1
∑I

i=1 ν̃
2
Γi

≥ Φ(1− α)

Under Assumption 1, the denominator converges to a constant limiting value, and

I−1
∑I

i=1(Ti− q̄i)− I−1{(Γ− 1)/(1 + Γ)}
∑I

i=1 |Ti− q̄i| (the numerator divided by I1/2)

also converges to a constant limiting value. By Assumption 2, the random variable on

the left hand side will follow a Gaussian distribution when

E
{
I−1/2

∑I
i=1(Ti − q̄i)− I−1/2{(Γ− 1)/(1 + Γ)}

∑I
i=1 |Ti − q̄i|

}
tends to a constant,

in which case the power of the resulting procedure will be some value β ∈ (0, 1). The

power of the sensitivity analysis converges to 1 when plim I−1
∑I

i=1(Ti− q̄i)− I−1{(Γ−

1)/(1 + Γ)}
∑I

i=1 |Ti − q̄i| = c > 0 as the numerator tends to ∞ in this case, and

converges to 0 when plim I−1
∑I

i=1(Ti− q̄i)−I−1{(Γ−1)/(1+Γ)}
∑I

i=1 |Ti− q̄i| = c < 0

as the numerator tends to −∞. The design sensitivity is the value Γ such that the

difference in the probability limits exactly equals 0, i.e. the Γ that solves the equation
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plim I−1
∑I

i=1(Ti − q̄i) − I−1{(Γ − 1)/(1 + Γ)}
∑I

i=1 |Ti − q̄i| = 0. Solving for Γ, we

attain

Γ̃tilt = plim
I→∞

I−1
∑I

i=1 |Ti − q̄i|+ I−1
∑I

i=1(Ti − q̄i)
I−1

∑I
i=1 |Ti − q̄i| − I−1

∑I
i=1(Ti − q̄i)

=
η + θ

η − θ
.

D.5 Proof of Proposition 3

The design sensitivities Γ̃tilt and Γ̃conv are the values Γ that solve, respectively

plim I−1
I∑
i=1

(Ti − q̄i)− I−1{(Γ− 1)/(1 + Γ)}
I∑
i=1

|Ti − q̄i| = 0;

plim I−1
I∑
i=1

(Ti − q̄i)− I−1{(Γ− 1)/(1 + Γ)}
I∑
i=1

MΓi = 0.

We prove the result for mΓ̃tilt
; the proof for mΓ̃conv

is analogous. The function

plim I−1
∑I

i=1(Ti − q̄i) − I−1{(Γ − 1)/(1 + Γ)}
∑I

i=1MΓi is monotone nonincreasing

in Γ. Letting Γ̃tilt be the design sensitivity for the tilted statistic, we see that if

plim I−1
∑I

i=1MΓ̃tilti
−I−1

∑I
i=1 |Ti− q̄i| > 0, then plim I−1

∑I
i=1(Ti− q̄i)−I−1{(Γ̃tilt−

1)/(1+Γ̃tilt)}
∑I

i=1MΓ̃tilti
< 0. As the function is monotone nondecreasing, this implies

that Γ̃conv, the zero of this equation, falls below Γ̃tilt. Conversely, if plim I−1
∑I

i=1MΓ̃tilti
−

I−1
∑I

i=1 |Ti−q̄i| < 0, then plim I−1
∑I

i=1(Ti−q̄i)−I−1{(Γ̃tilt−1)/(1+Γ̃tilt)}
∑I

i=1MΓ̃tilti
>

0, implying that Γ̃conv > Γ̃tilt.

D.6 Proposition 4

D.6.1 Proof of Proposition 4

Note that f(t) = n−1
i

∑ni
j=1 |qij − q̄i − t| is convex in t, with a subderivative

f ′(t) = n−1
i

∑I
i=1(1{qij − q̄i ≤ t} − 1{qij − q̄i > t}) = 2Ĝi(t)− 1. The proof follows by

using the representation from Proposition 1 that MΓi = n−1
i

∑ni
j=1 |qij−q̄i−κΓMΓi| with

κΓ := (Γ− 1)/(1 + Γ), along with bounds on a convex function using its subgradient:
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MΓi =
1

ni

ni∑
j=1

|qij − q̄i − κΓMΓi|

≥ 1

ni

ni∑
j=1

|qij − q̄i − t|+ (κΓMΓi − t){2Ĝi(t)− 1};

and

1

ni

ni∑
j=1

|qij − q̄i − t| ≥
1

ni

ni∑
j=1

|qij − q̄i − κΓMΓi|+ (t− κΓMΓi){2Ĝi(κΓMΓi)− 1}

= MΓi + (t− κΓMΓi){2Ĝi(κΓMΓi)− 1}.

Rearranging the above inequalities yields the result.

D.6.2 Proposition 4 under convex unimodality

In this section, we show for the difference in means statistic that E
(
n−1
i

∑ni
j=1 |qij − q̄i − θ|

)
≥

E|Ti − q̄i| under a suitable convex unimodality assumption to be described. Without

loss of generality, assume that the first individual in each matched set received the treat-

ment. For the difference in means test statistic, we have that θ = E(Ti − q̄i) = τ . Let

ζ ∈ Rni with ζ1 = θ, ζj = −θ/(ni−1) for j = 2, ..., ni, and let Eij = Zijε1ij+(1−Zij)ε0ij .

Then, for the difference in means test, qij = q̃ij + θj , where q̃ij = Eij−
∑

`6=j Ei`/(ni−1)

are mean zero, permutation symmetric random variables and n−1
i

∑ni
j=1 q̃ij = 0.

Suppose that q̃i = (q̃i1, ..., q̃ini)
T has symmetric marginal distributions and is convex

unimodal (about the origin). A multivariate distribution is convex unimodal when

it has a density f such that, for every c > 0, the set {x ∈ Rn : f(x) ≥ c} is a

centrally convex symmetric convex set (Dharmadhikari and Jogdeo, 1976, Definition

3.3). Symmetric marginals imply that η = E|q̃ij + θ| = E|q̃ij − θ|. Furthermore,

Proposition 4.4.1 of Tong (1990) shows that the density of q̃i is Schur-concave because

of convex unimodality and permutation symmetry. Observe that ζ − θ majorizes the

constant vector (−θ, ...,−θ)T ∈ Rni and that g(x) = −n−1
i

∑ni
j=1 |xj | is a Schur-concave

function. By the convolution theorem for Schur-concave functions (Marshall et al.,
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2011, Theorem J.1), we have that E(−n−1
i

∑ni
j=1 |q̃ij − bj |) is a Schur-concave function

of b = (b1, ..., bni)
T , and hence E(n−1

i

∑ni
j=1 |q̃ij − bj |) is Schur-convex. Consequently,

E

n−1
i

ni∑
j=1

|qij − θ|

 = E

n−1
i

ni∑
j=1

|q̃ij − θ + ζj |


≥ E

n−1
i

ni∑
j=1

|q̃ij − θ|


= E|q̃ij − θ| = E|q̃ij + θ| = η.

D.7 Proof of Proposition 5

By Dinkelbach (1967), we have for any c that MΓi ≥ c if and only if HΓi(c) ≥ 0, with

HΓi(c) defined as in (21). Using the equivalent form (22), we have

pr(MΓi ≥ c) = pr

n−1
i

ni∑
j=1

∣∣∣∣qij − q̄i − (Γ− 1

1 + Γ

)
c

∣∣∣∣ ≥ c
 .

Let Cc = {x : n−1
i

∑ni
j=1 |xj | ≤ c}, and observe that for any fixed c this is a symmetric

convex set. As qi− q̄i = (qi1− q̄i, ..., qini − q̄i)T is convex unimodal, by Anderson (1955)

we have

pr

n−1
i

ni∑
j=1

∣∣∣∣qij − q̄i − (Γ− 1

1 + Γ

)
c

∣∣∣∣ ≥ c
 = 1− pr

{
qi − q̄i ∈ Cc +

(
Γ− 1

1 + Γ

)
c

}

≥ 1− pr {qi − q̄i ∈ Cc}

= pr

n−1
i

ni∑
j=1

|qij − q̄i| ≥ c


as desired.
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